Binary-black-hole orbits precess when the black-hole spins are mis-aligned with the binary's orbital angular momentum. The apparently complicated dynamics can in most cases be described as simple precession of the orbital angular momentum about an approximately fixed total angular momentum. However, the imprint of the precession on the observed gravitational-wave signal is yet more complicated, with a non-trivial time-varying dependence on the the black-hole dynamics, the binary's orientation and the detector polarization. As a result, it is difficult to predict under which conditions precession effects are measurable in gravitational-wave observations, and their impact on both signal detection and source characterization. We show that the observed waveform can be simplified by decomposing it as a power series in a new precession parameter b = tan(β/2), where β is the opening angle between the orbital and total angular momenta. The power series is made up of five harmonics, with frequencies that differ by the binary's precession frequency, and individually do not exhibit amplitude and phase modulations. In many cases, the waveform can be well approximated by the two leading harmonics. In this approximation we are able to obtain a simple picture of precession as caused by the beating of two waveforms of similar frequency. This enables us to identify regions of the parameter space where precession is likely to have an observable effect on the waveform, and to propose a new approach to searching for signals from precessing binaries, based upon the two-harmonic approximation.
I. Introduction
When the spins of black holes in a binary system are mis-aligned with the binary's orbital angular momentum, both the spins and orbital angular momentum will precess [1] [2] [3] [4] . We therefore expect that most astrophysical binaries will undergo precession, but to date there has been no evidence of precession in gravitational-wave (GW) observations from the Advanced LIGO and Virgo detectors [5, 6] . This is not necessarily surprising, because precession often has only a weak imprint on the observable signal, particularly when the black holes are of comparable mass and the binary's orbit is face-on to the detector, which are the most likely configurations that have been observed so far. Despite this heuristic picture, there is no simple means to estimate the measurability of precession of a given binary configuration, and as such it is difficult to predict when precession effects will be conclusively observed in GW events.
Detailed parameter estimation techniques have been developed, which enable the reconstruction of the parameters of observed signals [7] [8] [9] [10] [11] . In parallel, techniques have been developed that provide an intuitive understanding of the measurement accuracy of certain parameters (or parameter combinations) [12] [13] [14] [15] [16] [17] . These have typically involved either approximations (such as leading order, Fisher Matrix type calculations), restriction to a subset of system parameters (for example masses and spins; timing and sky location; binary orientation). Combined, these give an understanding of the accuracy of parameter estimation for non-precessing systems. However, there has been rather little progress in intuitively understanding the measurement accuracy of precessional effects in binary waveforms beyond the early work in Refs. [1, 3, 4] , outside of full parameter estimation studies on populations of events that sparsely cover the parameter space [18] [19] [20] [21] . Complementary to this, efforts to understand the impact of precession on searches [22, 23] , and to implement searches for precessing signals [3, 4, [24] [25] [26] , have relied on an exhaustive sampling of the parameter space, again without an intuitive understanding of when precession is observable in a signal.
In the paper we develop a simple description of precessing-binary waveforms, as a tool to provide such intuition. We show that a precessing-binary waveform can be expanded into five harmonics of the leading order waveform and, furthermore, that these form a natural hierarchy with the amplitude of the sub-leading harmonics suppressed by a factor that depends upon the opening angle (the angle between the orbital and total angular momenta). Using this approximation, and restricting to the two leading harmonics, we are able to obtain relatively simple expressions for the precession waveform. Each harmonic takes the form of a non-precessing-binary waveform (i.e., with monotonic amplitude and frequency evolution during the inspi-ral of non-eccentric systems), and the amplitude and phase modulations of the complete precessing-binary waveform arise as beating between the two harmonics.
The purpose of this paper is to introduce this decomposition (Sec. III) and the two-harmonic approximation (Sec. IV), and to identify its range of validity and accuracy (Sec. V). We then introduce the notion of a "precession SNR" that can be used to determine whether precession effects are observable in a given system (Sec. VI) and finally discuss a proposed search for precessing binaries using the two-harmonic approximation (Sec. VII). We begin in the next section with a summary of precession in black-hole binaries.
II. Black hole Spin Induced Precession
In the general theory of relativity a binary consisting of two objects of masses, m 1 and m 2 (where we choose m 1 ≥ m 2 and denote q = m 1 /m 2 , so that q ≥ 1), with spin angular momenta S 1 and S 2 , orbiting each other with angular momentum L, will slowly inspiral due to the loss of energy and momentum through the emission of gravitational waves. If S 1 S 2 L, then the plane of the orbit remains fixed and in noneccentric binaries the amplitude and frequency of the emitted gravitational wave increases as the orbital separation decreases. The system eventually merges and forms a single perturbed black hole that emits gravitational radiation as a superposition of quasinormal ringdown multipoles, until the system settles down to its final state [27] .
For the case where the total spin is not aligned with the total orbital angular momentum, (S 1 + S 2 ) × L = 0, in most cases the orbital plane of the binary will precess around the approximately constant total angular momentum J = S 1 + S 2 + L, i.e., L precesses around J, and the spins precess such thatṠ = −L. For configurations where J ≈ 0, the system undergoes "transitional precession" [1, 2] , but this is expected to be rare in LIGO-Virgo detections. The angle between L and J is denoted by β. In simple precession cases β slowly increases during inspiral as L decreases (recall that in the Newtonian limit L ∝ √ r, where r is the orbital separation), but the spin magnitudes S 1 and S 2 remain fixed, and, to a good approximation, so do their orbit-averaged components parallel and perpendicular to L, S i|| and S i⊥ . The opening angle β typically varies very little over the portion of a binary's inspiral that is visible in a GW detector, and so it is often possible to make the approximation that β is constant. This approximation has been used to good effect in Ref. [23] , and we will also use it in some of the discussion in this
Plot showing how the precession angles used in this study are defined in the J-aligned frame. The normal vector here indicates the line of sight of the observer,L andĴ are the orbital angular momentum and total angular momentum vectors respectively, S1x, S1y and S1z are the x, y and z components of the spin on the larger black hole.
paper.
Adopting the notation that the inclination angle of the binary as seen by an observer, ι, is the angle between the orbital angular momentum and the line of sight (see Fig.1 ), cos ι =L ·N, where a caret denotes a unit vector (e.g.â = a/|a|), the binary's orbital inclination becomes times dependent. As a result the energy emitted in GWs in theN direction will also be time dependent, where the maximum instantaneous energy emission is approximately in the direction ofL. IfN is aligned withĴ, then ι ≈ β and varies slowly and with minimal oscillations due only to orbital nutation. IfN is in some other direction, then the energy emission will be modulated on the precession timescale. In the following we will not use the inclination ι, but rather combinations of β and the angle between J and N, denoted by θ JN . As noted previously,Ĵ is approximately constant for simple precession cases, and we will treat it as a constant in the analysis in Sec. III.
The signal measured in a detector will exhibit modulations in phase and amplitude that depend on β, θ JN , the precession angle of L around J, denoted by α, and the polarisation ψ of the observed signal. These angles are illustrated in Fig. 1 , and discussed further in Sec. III. For now we note several well-known features of precession waveforms [1, 2] , which will be further sharpened in the discussion later in the paper. The strength of precession in a system is characterised by the degree of tilt of the binary's orbit, given by β, and by the precession frequency of L around J, given by
The angle β is determined primarily by the total spin in the plane, and binary's mass ratio and separation. At leading order we can write the orbital angular momentum of the system as L = µ √ M r, where µ is the reduced mass, µ = m 1 m 2 /M = qM/(1 + q) 2 , and so to first approximation,
which provides us with the basic dependence of β on the binary configuration. At leading order the precession frequency can be written as,
meaning that to first approximation it does not depend on the spins (or therefore the opening angle β), but only on the binary's total mass, mass-ratio, and separation (or equivalently orbital frequency). If we calculate the number of precession cycles over a certain time or frequency range (e.g., over the course of an observation), we see again that this depends on the total mass and mass-ratio. In a GW observation there is a partial degeneracy between the mass ratio and the aligned spin S || [13, 28, 29] , meaning that one of the chief effects of a measurement of precession will be to improve the measurement of these two physical properties [21] . We choose to describe the gravitational wave signal, precessing or non-precessing, with the IMRPhenomPv2 phenomenological model presented in Ref. [30] . This model exploits the phenomenology of simply precessing binaries described earlier, with the additional approximation that a precessing-binary waveform can be factorised into an underlying non-precessing waveform, and the precessional dynamics [31] . The underlying non-precessing-binary model is IMRPhenomD [32, 33] , using only the spin components aligned with L. In IMRPhenomD both aligned spin components are used to generate an approximate post-Newtonian phasing and amplitude, with corrections provided by fits to numerical-relativity waveforms, that are parameterised by two different combinations of the two spin components. Although IMRPhenomD has been found to model well two-spin systems [34] , its dominant spin dependence can be characterised well by the effective spin,
which takes values between −1 (both maximal antialigned spins) and +1 (both maximal aligned spins)
to describe the magnitude of spin aligned with the total angular momentum. For a given configuration IMRPhenomPv2 uses the corresponding IMRPhenomD waveform, but with the final spin modified to take into account the in-plane spin components. A frequency-dependent rotation is then applied to the non-precessing waveform to introduce the precession dynamics, which are modelled by frequency-domain post-Newonian expressions for the precession angles for an approximately equivalent single-spin system [30, 35] , where the large black hole has spin,
where A 1 = 2 + 3q/2 and A 2 = 2 + 3/(2q) and S i⊥ is the component of the spin perpendicular to L taking values between 0 (non-precessing system) and +1 (maximal precession system). The effective precession spin parameter is obtained by averaging the relative in-plane spin orientation over a precession cycle, and so more accurate for a system that undergoes many precession cycles. Alternative and/or more recent precessing models are described in Refs. [36] [37] [38] , but we use the IMRPhenomPv2 model to match what was used in the analysis of all LIGO-Virgo observations to date [5, 6, 39, 40] , and because it captures all of the dominant phenomenology of precessing-binary waveforms. We expect all of the results we present to be similar, and in most cases almost identical, if reproduced with any of the other models listed in the references.
III. Harmonic decomposition of the waveform from a precessing binary
The gravitational waveform emitted by a precessing system, as observed at a gravitational wave detector can be expressed approximately as [4, 23] 
Here, A o (t) denotes the amplitude of the gravitational wave signal in a (time-varying) frame aligned with the orbital angular momentum of the binary, and depends upon the masses and spins of the binary. Since the amplitude scales linearly with the luminosity distance, we have chosen to introduce a fiducial normalization A o (t) for a waveform at a distance d o and explicitly extract the distance dependence. 1 Φ S is the phase evolution in the frame aligned with the total angular momentum J of the binary. The phase evolution, Φ S , is related to the orbital phase aṡ
where ω is the orbital frequency, β is the opening angle and α gives the phase of the precession of L around J as shown in Fig. 1 . F + and F × give the detector response relative to the J-aligned frame and C +,× , S +,× encode the timevarying response to the gravitational wave due to the evolution of the binary's orbit relative to the detector. They depend upon the three angles introduced previously: the precession opening angle β and phase α and the angle between the total orbital angular momentum and the line of sight θ JN . In terms of these angles, we can express C +,× and S +,× as 
The non-precessing expressions can be recovered in the limit of β → 0 and α → constant (which is then degenerate with the polarization of the system). When β is non-zero, the effect of precession is to modulate the detector response at frequencies Ω P and 2Ω P . To make the harmonic content of C +,× and S +,× more explicit, we first introduce the parameter,
and write the response functions in terms of it. The terms involving β can be expressed as
Substituting the trigonometric identities from Eq. (10) into the expressions for C + and S + in Eq. (8) we obtain,
where we have introduced A 
In the approximation where the direction of total angular momentum is constant, the A +,× m are time independent amplitudes, and the time dependence of the amplitude functions is captured as a power series in the parameter b = tan(β/2).
Finally, we can use the harmonic decomposition in Eq. (11) to obtain a decomposition of the waveform, Eq. (6),
This allows us to clearly identify the impact of precession on the waveform. First, precession leads to an additional phase evolution at frequency 2Ω P and a decrease in the amplitude by a factor (1 + b 2 ) 2 . The precessing waveform contains five harmonics that form a power series in b, whose amplitude is constant and depends upon the detector response, distance and viewing angle of the binary. The frequency of each harmonic is offset from the next by the precession frequency Ω P .
As a final step, we would like to explicitly extract three more time-independent angles that characterize the waveform, namely the polarization angle ψ, the initial phase φ o and the initial polarization phase α o .
3
The unknown polarization ψ is currently folded into the detector response functions F +,× . It is more useful to extract ψ and then consider the detector response to be a known quantity dependent upon only the details of the detector and the direction to the source. Thus, we write the detector response as,
where w + and w × are the detector response functions in a fixed frame -for a single detector it is natural to choose w × = 0 and for a network to work in the dominant polarization for which w + is maximized [41] . The unknown polarization of the source relative to this preferred frame is denoted ψ.
To isolate the initial orbital and precession phases, we explicitly extract them from the binary's phase evolution by introducing,
Thus Φ(t) vanishes at t = 0 and evolves as the sum of the orbital phase and an additional, precession dependent, contribution.
We then substitute the expressions for F +,× , Eq. (14), and Φ, Eq. (15), into the expression for h(t) given in Eq. (13), and isolate the time-varying terms from the constant, orientation dependent angles. The waveform can be written as the sum of five precessing harmonics, the amplitudes of which are constants that depend upon the binary's sky location, distance and orientation: 
The harmonics form a simple power series in be −iα , so the amplitude of each successive harmonic is reduced by a factor of b, and the frequency is reduced by Ω P .
The amplitudes for the harmonics are given by (18) where the A +,× were introduced in Eq. (12), ψ is the polarization and the phase angle for each harmonic is,
These amplitudes form a generalization of the Fstatistic decomposition of the non-precessing binary waveform (see e.g. [41] ). In the limit that b → 0, the precessing decomposition reduces to the standard expression for the non-precessing waveform as the amplitude for all harmonics other than m = 0 vanish. The precessing waveform can equally well be written in the frequency domain by performing a Fourier transform of the time-domain expressions given above [42] . In this case, Eq. (16) is unchanged, as are the constant amplitude terms in Eq. (18) . The frequency dependent harmonics are simply the Fourier transform of the time-domain modes given in Eq. (17), and naturally satisfy h
The expansion above is most natural when b < 1, which corresponds to opening angles of β < 90
• . In cases where the opening angle is greater than 90
• it is natural to re-express the waveform in terms of c = b −1 = cot β in which case the waveform can be expressed as a power series in c. We will not discuss the large opening angle calculation further in this paper, but note that many of the arguments presented below would extend in a straightforward manner to this case.
a. Obtaining the harmonics
Here, we give an explicit prescription to obtain the five harmonics for the waveform, introduced in Eq. (16) . To do so, we generate waveforms for orientations that contain only a subset of the harmonics, and combine them to isolate a single harmonic. For simplicity, we restrict attention to the + polarization by fixing w + = 1, w × = 0 and consider a binary at a distance
Harmonics m = 0 and m = 4. When the viewing angle of the signal is aligned with the total angular momentum, θ JN = 0, the observed waveform contains only the zeroth and fourth harmonics as A +,× 1,2,3 vanish for θ JN = 0. We also fix α o = 0, to obtain,
From these, we can extract the m = 0 and 4 harmonics,
The π 2 phases of the harmonics can be obtained in an identical way.
Harmonics m = 1 and m = 3. When the signal is edge on, the × polarization contains only the first and third harmonics. Then, fixing θ JN = π 2 and ψ = π 4 , we have,
so that,
Harmonic m = 2. Finally, from the + polarization of the edge-on waveform, we can extract the second harmonic -in principle we could also get m = 0 and m = 4, but we have already described a method to obtain them. Fixing θ JN = π 2 and ψ = 0 we have,
b. Precession with varying orientation
The observable effect of precession will vary significantly with the binary orientation. In Fig. 2 , we show the waveform for four different orientations. In all cases, we show the last two seconds of the waveform (from around 25 Hz) for a 40M binary, with q = 6, and in-plane spin on the larger black hole of χ P = 0.6. This configuration leads to an opening angle of β ≈ 45
• which leads to significant precession effects in the waveform.
The four orientations exhibit precession, to a greater or lesser degree. When viewed along J, there is minimal precession as only the m = 0 and 4 harmonics are present in the system and the m = 4 harmonic is down-weighted by a factor of b 4 ≈ 0.03 relative to the leading harmonic. When the line of sight is orthogonal to the total angular momentum, the m = 0, 2, 4 harmonics are present in the + polarized waveform and m = 1, 3 in the × polarization. The m = 0 and 2 harmonics have close to equal amplitude (although m = 2 is down-weighted by b 2 ≈ 0.17, the amplitude as given in Eq. (12) is maximal). Consequently the observed waveform has significant amplitude and phase modulation due to precession. For the × polarized signal, it is the m = 1, 3 harmonics that contribute, with m = 3 a factor of b 2 smaller than m = 1. Consequently, precession effects are less significant. For the × polarized signal with θ JN = 45
• , the m = 0, 1, 3, 4 harmonics are present, with m = 0, 1 dominating and having approximately equal amplitude. For this signal, the binary precesses from a face-on orientation, ι = 0 to edge-on, ι = 90
• , and the waveform amplitude oscillates from the maximum to zero.
The observed amplitude and phase modulations can be understood as the beating of the different harmonics against each other, with the amplitude of the composite waveform being maximum when the harmonics are in phase and minimum when they are out of phase. The frequency of the modulations depends upon which harmonics are beating against each other. When viewed at 45
• the observed modulations are due to the beating of the m = 0 and m = 1 harmonics and occur at the precession frequency. For θ JN = 90
• modulations are from the beating of m = 0 and m = 2 (+ polarization) or m = 1 and m = 3 (× polarization) so occur at twice the precession frequency. Finally, when viewed on-axis the modulation comes from m = 0 and m = 4 and occurs at four times the precession frequency. • , × polarization (lower right). For each waveform, the harmonics that contribute to the signal, their sum and the envelope of the full precessing waveform are shown. The insets show a zoom of a portion of the waveform to more clearly demonstrate that precession arises as a beating between the different harmonics.
c. The value of b = tan(β/2) over parameter space Based on the harmonic decomposition, we can characterize the amount of precession based upon a waveform-averaged value of b as,
where S n (f ) is the design-sensitivity Advanced LIGO noise curve [5] , and in this work we evaluate the integral over the frequency range f ∈ [20, 1024] Hz. This quantity encodes the relative contribution of the five precession modes. Fig. 3 shows the value of b on several twodimensional slices through the four dimensional parameter space of total mass M , mass ratio q, effective spin χ eff and precessing spin χ p . Keeping other quantities fixed, the value of b increases with total mass. For higher masses, the late inspiral and merger occur in the sensitive band of the detectors and, close to merger, the opening angle increases as orbital angular momentum is radiated. For masses above 40M the mass dependence of b is small, with only a 10% decrease from 40M to 100M . Thus, for the other figures, we fix M = 40M and investigate the dependence of b on q, χ eff and χ p . The dependence of b follows directly from Eq. (2). The opening angle will increase with mass ratio, as the orbital angular momentum decreases. The opening angle, and also b, increase with χ p . It follows directly from the definition that tan β scales linearly with χ p , and hence approximately linearly for b = tan(β/2). Finally, the opening angle decreases as the effective spin χ eff increases, so that the largest value of b is obtained with significant spin antialigned with J.
Over much of the parameter space we have explored, b < ∼ 0.3. This includes binaries with mass ratio up to 4:1, with precessing spin χ p < ∼ 0.6, and zero or positive aligned spin, χ eff ≥ 0. Only a small part of parameter space has b > 0.4, the value used in generating the waveforms in 2, and b > 0.5 is only achieved with at least two of: a) close to maximal χ p , b) high mass ratio q > ∼ 5 or c) significant spin anti-aligned with the orbital angular momentum χ eff < ∼ −0.4. Fig. 4 shows b for a range of neutron star- neutron FIG. 3 . The value of b across the parameter space of total mass, mass ratio, χ eff and χp. In each figure, two of the parameters are varied while the other two are fixed to their fiducial values of M = 40M , q = 4, χ eff = 0, χp = 0.6 (this point is marked with a in all the plots). The total mass has a limited impact on the value of b, for masses over M ≈ 30M ; below this the b increases with mass, as the later parts of the merger are brought into the most sensitive band of the detector. The value of b is seen to increase as the mass ratio or precessing spin χp are increased and decrease as the aligned component of the spin χ eff increases. with total mass and mass ratio. with total mass and mass ratio. Thus, the value of b is largest for a binary with unequal masses, a large spin on the more massive component which has significant components both in the plane of the orbit and anti-aligned with the orbital angular momentum.
star and neutron star-black hole binaries. For neutron star-black hole binaries, the picture is similar to that for black hole binaries, with large values of b observed for high mass ratios and large χ P . However, as an earlier part of the waveform is in the detector's sensitive band, the impact of precession is less observable at fixed mass ratio than for higher mass black hole binaries. For neutron star binaries, the value of b remains below 0.15 across the parameter space, and is less than 0.05 for reasonable neutron star spins, χ < ∼ 0.4.
In Fig. 5 , we show the distribution of b for 3 astrophysically motivated distributions of black hole masses and spins. For each population, we generate 100,000 binaries uniformly in comoving distance, with masses drawn from a power law distribution -p(m 1 ) ∝ m −α 1 , with α = 2.35 -and spins either drawn from an isotopic, aligned or precessing distribution with spin magnitudes either following a low or flat distribution. We define a low spin magnitude as a triangular distribution peaked at zero and dropping to zero at maximal spin and a flat magnitude as a uniform distribution between 0 and maximal spin. We also use the spin orientation distributions as described in Refs. [43] [44] [45] : the aligned distribution is strongly peaked towards aligned spins, while the isotropic distribution assumes a uniform distribution of spin orientations over the sphere. The precessing distribution is strongly peaked towards spins orthogonal to the orbital angular momentum, i.e., with significant orbital precession [46, 47] . To account for observational biases, we keep only those signals that would be observable above a fixed threshold in a gravitational wave detector. We find that even for the most extreme precessing system, b is 0.15 with over 90% of binaries having b < 0.3. This result is obviously sensitive to the assumptions on the mass and spin distribution. In Ref. [45] we investigate a number of different distributions, including ones which allow for large spin magnitudes, and we find that the peak of the b distribution is below 0.2 and that over 90% of binaries have b < 0.4 in all cases.
IV. The two-harmonic approximation
The precessing waveform can be expressed as the sum of five harmonics whose amplitudes form a power series in b = tan(β/2). Furthermore, over the majority of the space of binary mergers, the value of b is less than 0.3. In addition, for b ≤ 0.4 the dominant harmonic (the one containing the most power) must be either m = 0 or 1. Thus, for the vast majority of binary mergers, we expect that these two harmonics will be the most significant. This motivates us to introduce the two-harmonic approximation, in which we generate a waveform containing only the m = 0 and m = 1 harmonics, i.e.,
The expression for the two-harmonic waveform can be simplified by restricting to the single detector case (i.e., setting w + = 1 and w × = 0), explicitly working with the waveform in the frequency domain, for which h 
and the two-harmonic waveform then becomes,
where,
Thus, the two-harmonic waveform is composed of two components that have frequencies offset by Ω P , and any observed amplitude and phase modulation of the waveform is caused by the beating of one waveform against the other. The relative amplitude and phase of the two harmonics is encoded by
= be iαo sin 2θ JN cos 2ψ − 2i sin θ JN sin 2ψ
This ratio depends upon the viewing angle, encoded in θ JN and ψ, and the initial precession phase α o . It is not difficult to show that ζ can take any value as the parameters θ JN , ψ, α o are varied. For example, at θ JN = 0, A 1 vanishes and so does ζ, while at θ JN = π/2 and ψ = π/4, A 0 vanishes and ζ → ∞. Since the initial precession phase α o is a free parameter, the phase of ζ also can take any value. The overall amplitude and phase of the signal also depends upon the distance and coalescence phase so that any values of the amplitude and phase of the signal in the two harmonics are consistent with a signal.
V. Validity of the two-harmonic waveform
To investigate the validity of the two-harmonic approximation, we compare the approximate waveform with the full, five-harmonic, precessing waveform across the parameter space. The error will be of order b 2 , which is small over much of the parameter space, and for the majority of orientations. Fig. 6 shows the overlap between the full waveform and a subset of the harmonics for a binary with M = 40M , q = 4 and χ eff = 0, while varying the orientation and value of χ P . In each case, we calculate,
and S(f ) is the power spectral density of the detector data. Thus the overlap is maximized over the phase, but not over time or any of the mass and spin parameters. An overlap of close to unity shows that the two waveforms are very similar, while a lower value of overlap implies significant deviations between the waveforms. As a rule of thumb, an overlap O(h, h ) < ∼ 1 − 3/ρ 2 will be observable at a signal to noise ratio ρ [13] .
We calculate the overlap of the full waveform, h, against For the + polarized waveform, the m = 0 harmonic is dominant for all values of θ JN and χ P , so that the observed overlap with the full waveform is reasonable across the parameter space. For low values of χ P or θ JN ≈ 0, the other harmonics make a minimal contribution and the overlap is close to unity. For larger values of θ JN and χ P the other harmonics are more significant and the overlap drops to 0.8 or less. The two-harmonic waveform is a significantly better match to the full waveform, with an overlap greater than 0.99 for much of the parameter space, and only dropping below 0.9 for edge-on systems with high χ P where the m = 2 harmonic contributes most strongly, and the m = 1 contribution vanishes For the × polarized waveform, the effect of incorporating the m = 1 harmonic is dramatic. For θ JN = 90
• the m = 0 contribution vanishes and only the m = 1, 3 harmonics are present. Thus, the overlap with harmonic m = 0 is essentially zero. Using the best of m = 0, 1 provides a good overlap with the edge-on waveform, but there is still a poor overlap at θ JN ≈ 60
• where both the m = 0 and 1 harmonics contribute significantly to the waveform. The two-harmonic waveform matches very well to the full waveform, with the largest differences for θ JN = 90
• and χ P ≈ 1 where the overlap drops to 0.99 due to the contribution from the m = 3 harmonic.
The m = 0 harmonic is a poor match to the full waveform at θ JN = 90
• and ψ = 45
• . Here, the signal is × polarized waveform and contains only m = 1, 3 harmonics. When using the dominant harmonic, there remains a region where the signal is poorly approximated. This corresponds to the orientations where the FIG. 6 . The overlap between a precessing waveform and a subset of the harmonics, as a function of the precessing spin and binary orientation for a 40M binary with mass ratio q = 4 and χ eff = 0. The top row show the overlap between the leading harmonic and the full waveform; the second row of plots shows the overlap between the dominant harmonic and the full waveform; the bottom row shows the overlap between our two-harmonic precessing waveform and the full waveform. The first column is for the + polarization, second for × and third for fixed χP = 0.6 and varying polarization.
two harmonics have close to equal amplitudes. As discussed in detail in Ref. [23] , it also corresponds to configurations where the binary orientation passes through the null of the detector response (i.e. the signal goes to zero) once per precession cycle. Thus, the radius of the circle with poor overlaps is approximately equal to the opening angle of the binary. The two-harmonic approximation provides an excellent fit to the full waveform over the majority of orientations, only dropping below 0.95 for orientations where θ JN → 90
• and ψ ≈ 0, 90
• , where the m = 2 harmonic is most significant.
Next, we investigate the validity of the twoharmonic approximation for a population of binaries. To begin with, fix the masses and spins and just consider the effect of binary orientation. As before, we fix M = 40M , q = 4, χ eff = 0 and χ P = 0.6 with the binary orientation distributed uniformly over cos(θ JN ), φ o , α o , ψ. Fig. 7 shows the distribution of the overlap between the full waveform and 1) the m = 0 harmonic, 2) the dominant harmonic and 3) the twoharmonic approximation. The results are shown for both a uniformly distributed population, and an expected observed population that requires signals to be observed above a fixed threshold in the detectors and thereby favours orientations that produce the largest amplitude gravitational wave. Using the two-harmonic approximation improves the median overlap from 0.9 to 0.99. Thus, a gravitational-wave search using the two-harmonic waveform could potentially yield a 10% increase in the (orientation-averged) distance to which such a source could be observed. Furthermore, the worst overlaps are significantly improved, increasing from almost zero for the m = 0 waveform to 0.7 for the dominant harmonic and 0.9 for the two-harmonic waveform.
We also show how the distribution of overlaps varies with a changing value of the opening angle, encoded by the parameter b. At b ≈ 0.13, the median overlap for the m = 0 or dominant harmonic waveforms have dropped to 0.97, while the two-harmonic waveform still provides an essentially perfect representation of the waveform for all orientations. At b ≈ 0.25 the median overlap from the m = 0 and dominant harmonic waveforms are 0.9, while the dominant harmonic still gives a median overlap over 0.99 with only 10% of orientations worse than 0.95. It is only at b = 0.4 that the median overlap for the two harmonic waveform drops to 0.97, while the dominant harmonic is at 0.8. Here, it may be possible to obtain a 20% increase in sensitivity through the use of the two-harmonic waveform, which would equate to a 70% increase in detection rate for these signals. In Section VII, we sketch out a way that a search based on the two-harmonic precessing waveforms could be implemented.
The plots in Fig. 7 should give a good indication of the accuracy of the two-harmonic waveform across the mass and spin parameter space, as a function of b. For different masses and spins, the evolution of the precession angle during the coalescence can have a slight impact upon the relative importance of the modes, as the ratios of different modes depend upon the average of b m over the waveform. However, as b typically does not change significantly over the observable waveform, this effect is likely to be small. Additionally, as different modes are not perfectly orthogonal, the degree to which they are not will also have a small effect upon the results. However, as shown in Section VI, the harmonics are close to orthogonal for M < ∼ 40M so that the results shown here will be representative, at least at lower masses.
VI. Observability of precession
Next, we come to the question of where in the parameter space precession will be observable. The twoharmonic approximation, given in Eq. (30), allows us to readily answer the question. The leading order precessing waveform has the same amplitude evolution as the non-precessing waveform, but an additional phase (see Eq. (15)) of,
When the orbital angular momentum is dominant, α ∝ f −1 [1, 4, 23] . Consequently, the precessioninduced phase will be indistinguishable from a systematic offset in the binary mass ratio, or the effective spin [14] . Similarly, the m = 1 harmonic has essentially the same amplitude evolution as the non-precessing waveform, but with a phase difference of,
which will also, in many cases, be degenerate with a change in the mass ratio or aligned spin. Thus, it is the observation of a second harmonic that will be the tell-tale sign of precession: the observation of a single harmonic from a precessing waveform could be fit by a non-precessing system with offset mass ratio or effective spin. We are therefore interested in deriving an expression for the SNR in the second most significant harmonic and determining when it will be observable. If the two harmonics h 0 and h 1 are orthogonal, then the precession SNR is simply,
where ζ (defined in Eq. (32)) gives the ratio of the SNR in the m = 1 and m = 0 harmonics. More generally, if the overlap between harmonics cannot be neglected, we must first project the signal onto the space orthogonal to the dominant harmonic, before calculating the precession SNR. To do this, we first define the (complex) overlap between the two harmonics as,
The overlap between the two harmonics for various slices through the parameter space is shown in Fig. 8 . If there are sufficient precession cycles, then the two waveforms h 0 and h 1 are close to orthogonal, and the overlap (38) is close to zero. However, at higher masses, where the binary completes one, or fewer, precession cycles in the detector's sensitive band, there is a larger overlap between the harmonics. In addition, at negative χ eff and minimal precessing spin, the overlap is again large. However, for the much of the parameter space, the overlap is less than 0.1, so that the simple expression in Eq. (37) will be applicable.
Taking into account the overlap between harmonics, the total power in the two-harmonic waveform is,
We can project this onto directions parallel and perpendicular to the h 0 waveform to obtain the SNR in these two directions as,
Similarly, the power parallel to and orthogonal to the m = 1 harmonic is,
The precession SNR is defined as the power orthogonal to the dominant harmonic, which is simply given by the minimum of ρ ⊥,0 and ρ ⊥,0 ,
As expected, the precession SNR scales with the total SNR of the signal, so that precession will be more easily observed for louder events. In addition, if there is significant degeneracy between the harmonics, the numerator will be reduced, again making the observation of precession more difficult. Finally, in the limit that o 1,0 → 0, the expression simplifies to the one given earlier for orthogonal harmonics in (37), as expected.
What value of ρ p will be required to observe precession? This will happen if the evidence for a signal with χ p = 0 in the data is greater than that for a nonprecessing source. Since the two-harmonic waveform is more complex than its non-precessing counterpart, the maximum likelihood will have to be sufficiently greater than the non-precessing value to overcome the penalty that arises from introducing additional parameters. We can obtain a reasonable estimate by considering the maximum likelihood. Since the relative amplitude and phase of the m = 1 and m = 0 harmonics are unconstrained, we can maximize over the amplitude and phase of the two harmonics independently. Then, the two-harmonic SNR is related to the non-precessing SNR and precession SNR as,
The two-harmonic SNR will be χ 2 distributed with four degrees of freedom, while the non-precessing SNR is χ 2 distributed with two degrees of freedom. Thus, for a non-precessing signal, even if there is no power in precession, the two-harmonic SNR will be larger than the non-precessing SNR due to noise. Equivalently, in the absence of precession, ρ p will be χ 2 distributed with 2 degrees of freedom. In 90% of cases, noise alone will give a value of ρ p < 2.1. Therefore, as a simple criterion, we require that,
for precession to be observable. In Ref. [48] we use this definition to investigate in detail the observability of precession over the parameter space.
VII. Searching for precessing binaries
The two-harmonic approximation provides an ideal basis to develop a search for binaries with precession. The typical approach to searching for binary coalescences has been to generate a template-bank of waveforms that covers the parameter space [49] [50] [51] . These templates comprise discrete points in the mass and spin space chosen so that the waveform produced by a binary anywhere in the parameter space of interest has a match of at least 97% with one of the templates. The waveform for each template is then match-filtered against the data to identify peaks of high SNR, and various signal consistency and coincidence tests are used to differentiate signals from non-stationary noise transients [52] [53] [54] [55] [56] . Current searches make use of a template bank covering the four dimensional mass and alignedspin space [57, 58] . 4 The search takes advantage of the fact that changing the sky location, distance and straightforwardly handle a subset of these parameters [26, 59] .
The two-harmonic waveform can be used to maximize the SNR over the binary orientation in a straightforward manner. The two complex amplitudes A 0 and A 1 , defined in Eq. (31) , are dependent upon five variables: the distance, d L , binary orientation, θ JN , ψ, and the initial orbital and precession phases, φ o , α o . Since A 0 and A 1 can take any value in the complex plane, it is possible to construct the two-harmonic SNR by filtering the two harmonics h 0 and h 1 against the data and then freely maximizing the amplitudes so that,
If the harmonics are not orthogonal, the two-harmonic SNR should be calculated using h 0 and h 1 ⊥ -the m = 1 harmonic with any component proportional to h 0 removed. The extrinsic parameters of the binary (distance, sky location, orientation, orbital and precession phase) can be searched over through maximization over the amplitudes of the two harmonics, leaving only the masses and spins as dimensions to search using a bank of waveforms.
We must still construct a bank of waveforms to cover the four-dimensional parameter space of masses, the effective aligned χ eff and precessing χ P components of the spins. Since the phase evolution of each precessing harmonic is degenerate with a non-precessing waveform with different mass-ratio or effective spin, the bank of templates will essentially be a bank of nonprecessing waveforms. This may allow us to reduce the size of the template bank. Fig. 9 shows the match (the overlap maximized over time-offsets) between the m = 0 and m = 1 harmonics for two precessing waveforms with the fixed masses, M = 40M and q = 4, but differing spins. One waveform has χ eff = 0 while the spins of the second waveform are varied. For both the m = 0 and m = 1 harmonics, there is a band in the χ eff − χ P plane where the mismatch between the waveforms is small. The different phase evolution of each harmonic caused by varying χ P can be offset by a suitable change in χ eff , which is approximately quadratic in χ P . Recall, from Eq. (35) , that the the change in phase due to precession is quadratic in b, and therefore also in χ P at least for small values. Meanwhile the phasing of the waveform varies, at leading order, linearly with χ eff .
Thus, a single template waveform can be used to search for the m = 0 harmonic with any value of χ P (but different χ eff ), and thus effectively reduces the dimensionality of the parameter space to three dimensions. However, as the phase evolution of the m = 0 and m = 1 harmonics depends differently upon χ P , the degenerate directions will be different for the two harmonics, as seen in in Fig. 9 . Nonetheless, the two degenerate directions are similar, and along the line that traces the mid-point between the the best fit values of χ eff for the two harmonics, both harmonics have a match above 0.97 with the initial point. 5 Thus, to an accuracy appropriate for generating a template bank, we can use the two harmonics from a single waveform to cover a band in the χ eff -χ P plane which spans all values of χ P .
Our proposal to develop a precessing search is as follows. First, generate a bank of templates to cover the space of non-precessing binaries. At each M , q, χ eff point in the template bank, construct the twoharmonic waveform for a fixed value of χ P . Then, filter the data against the two harmonics and calculate the two-harmonic SNR, as defined in Eq. (45) to identify candidate events in a single detector. It will be necessary to extend the existing χ 2 signal consistency test [53] to each harmonic, to reduce the impact of non-stationarity in the data. Coincidence between detectors requires a signal in the same template at the same time, up to the allowed time delays based upon speed of propagation. It may, however, be necessary to develop a new coincidence requirement. For a nonprecessing signal observed in two detectors, the relative amplitude and phase of the SNR in each detector can take any value, even though some are astrophysically more likely [60] (and this can be used to increase search sensitivity). For the two-harmonic waveform not every signal observed in two detectors will be compatible with an astrophysical source. This can be seen through simple parameter counting: ten measured quantities (two complex amplitudes and a time of arrival in each detector), which depend upon eight parameters, the five orientation parameters (d L , θ JN , ψ, φ o , α o ), sky location and merger time.
We can also estimate the likely sensitivity improvement from a precessing search. A non-precessing search will typically find the dominant harmonic of the waveform (the one containing the largest fraction of SNR). Thus, it is clear from Fig. 7 that a search based on the two-harmonic waveform has the potential to significantly out-perform the non-precessing search over areas in parameter space where precession is important. The two-harmonic waveform has four degrees of FIG. 9 . The match between the m = 0 (left) and m = 1 harmonics of two precessing signals as the effective spin χ eff and precessing spin χP are varied. For all waveforms, the total mass is fixed to 40M and the mass ratio to 4. One waveform has χ eff = 0 and χP = 0.6 (the point marked by a star), while the spins of the second waveform are varied.
freedom (encoded in A 0 and A 1 ) compared to two for the non-precessing search. Thus, the SNR distribution due to noise is higher for the two-harmonic search and, based upon a comparison of the tails of the χ 2 distribution with 2 and 4 degrees of freedom, requires an SNR 5% to 10% higher to obtain the same false alarm rate (see e.g., Ref. [26] for a discussion of this issue). So, the two-harmonic search will outperform the nonprecessing search if it can increase the rate of signals by this amount, or equivalently, increase the sensitive range by 2% to 3%. Fig. 7 shows that this occurs for b ≈ 0.10 − 0.15, so that for binaries with b > ∼ 0.15, the two-harmonic search has the potential to outperform a non-precessing search. This argument is complicated by the fact that we are proposing to use a single twoharmonic template waveform to cover the full χ P (or equivalently b) range for fixed masses and χ eff , so that the benefit may only be seen if the average of b, over all values of χ P , is greater than 0.15.
The maximum computational cost for the search described above would be at most double that of a nonprecessing search, as it becomes necessary to filter both the m = 0 and 1 harmonics, and computational time is dominated by this matched filtering. However, since every harmonic is essentially a non-precessing waveform, it may be that the m = 1 harmonics are already in the set of m = 0 waveforms, but associated with different parameters. If so, this could further reduce the computational cost.
VIII. Discussion
We have presented a new, intuitive way to understand the observability of precession in GW observations. By keeping only the leading precession term, we have derived a precession SNR and argued that this can be used to determine when precession will be observable. Before discussing applications we point out the main limitations of this analysis. As is clear from the formulation, this analysis works best for binaries where b = tan(β/2) is small. This typically corresponds to situations where the mass ratio is small, the precessing spin is small and any aligned component of the spin is aligned (rather than anti-aligned) with the orbital angular momentum. We have shown above that this assumption is valid for a reasonable population.
We now point to several advantages and applications of this formulation: First, it gives new understanding of the observability of precession, and also of the origin of precession as the beating of two waveform components with slightly differing frequencies. Before now, there has not been a simple way to determine the observability of precession and even when a full, Bayesian estimate of the parameters has been obtained, there is no clear sense of what it would take for precession to be observed -what is clear from the above analysis is that χ P , despite obviously important, is not the only factor that determines observability. Binary orientation, masses and aligned spin are all also important factors. In fact, with this formulation it is clear to see that we could have a very high χ p and still not be able to observe any measurable precession. In Ref. [48] we probe the measurability of precession across the gravitational wave parameter space.
As well as giving a clear measure of observability, we also have a simple way of testing whether precession is, and should be, observable. This can be incorporated into population analyses. The majority of population analyses performed using the LIGO and Virgo observations from the first two runs have used only the aligned spin components to restrict the population [6, 43, 44, 61] (but see Refs. [6, 62, 63] ). The precession SNR provides a straightforward method to determine when precession will be observable, and provides a straightforward way to probe observability of precession in populations of binaries. In using this method we have been able to derive constraints on the preferred spin distribution including precession effects [45] .
Finally, we have outlined a method by which the two-harmonic approximation could be used to develop a search for precessing binaries. In addition, the formalism should provide a straightforward method to identify the parts of parameter space where a precession search is likely to increase sensitivity. We plan a detailed investigation into the feasibility of a precessing search in future work.
